In the framework of continuous-time, Itô processes models for nancial markets, we study the problem of maximizing the probability of an agent's wealth at time T being no less than the value C of a contingent claim with expiration time T. The solution to the problem has been known in the context of complete markets, and recently also for incomplete markets; we rederive the complete markets solution using a powerful and simple duality method, developed in utility maximization literature. We then show how to modify this approach to solve the problem in a market with partial information -the one in which we have only a prior distribution on the vector of return rates of the risky assets. Finally, the same problem is solved in markets in which the wealth process of an agent has a nonlinear drift. These include the examples of di erent borrowing and lending rates, as well as \large investor" models. We also provide a number of explicitly solved examples.
Introduction
In a complete nancial market any contingent claim C can be replicated on a nite-time horizon 0; T] starting with initial capital x equal to the \Black-Scholes" price C(0) of the claim. In the case x < C(0) however, it is not a priori clear what strategy should be used to o set the future liability C. One possible criterion is to maximize the probability of a \perfect hedge", P X x; (T ) C] over the set of admissible portfolio processes ( ), where X x; ( ) is the wealth process of the agent starting with initial capital x and investing according to the investment strategy ( ). In a special case of a one-dimensional Brownian model with zero interest rate, volatility one and constant claim C, this problem was solved in Kulldor (1993) and Heath (1993) . In Browne (1996) the problem is solved in the context of more general claims, and a general, deterministic-coe cients, multi-dimensional Brownian motion model, using a PDE approach. The solution in the general case of continuous semimartingales and an arbitrary European claim C is provided in F ollmer and Leukert (1998) . The latter paper uses the methodology of testing statistical hypothesis (Neyman-Pearson lemma), rst suggested in Heath (1993) (see also Karatzas (1997) ). It also analyzes the problem in the di cult context of incomplete markets.
In this paper we start by introducing the problem and rederiving the solution in the context of a general Ito processes-type model, in Section 2. We show that the problem can be solved in an elegant and straightforward way by using the well-known duality approach from the literature on utility maximization (the duality approach to utility maximization problems was implicitly used in Pliska (1986) , Karatzas, Lehoczky and Shreve (1987) , Cox and Huang (1989) in the case of complete markets, and explicitly in He and Pearson (1991), Karatzas, Lehoczky, Shreve and Xu (1991), Xu and Shreve (1992) , Cvitani c and Karatzas (1992) for incomplete markets with constraints; see Cvitani c (1997b) or Karatzas (1996) for an overview and further references). The same approach has been used recently in Cvitani c and Karatzas (1998) for the risk-management problem of minimizing the expected loss E(C ? X x; (T )) + . We also extend results available in most of the existing literature by considering general margin requirements of the type X x; ( ) A( ) for some given process A( ), not necessarily equal to zero (see also Browne (1996) ).
In Section 3 we apply this technique to a market with partial observations. Namely, we assume that the vector of the mean return rates of the risky assets is an unobservable random variable with a known a priori distribution, that is being updated as the agent observes the asset prices. We describe the optimal solution and calculate it explicitly in the case of normally distributed return rates. This \Bayesian" problem is studied in detail in Karatzas (1997) , in the special case of one stock, zero interest rate, volatility one and a constant claim C. Lakner (1994) , Browne and Whitt (1996) and Karatzas and Zhao (1998) study utility maximization problems under partial observations.
In Section 4 we consider the case of \nonlinear market dynamics" in which the drift of the wealth process X x; ( ) is a nonlinear (concave) function of the investment strategy of the agent. This includes the examples of di erent interest rates for borrowing and lending, as well as a case of a \large investor" whose policy can in uence market prices. The approach is again based on the duality methodology developed in utility maximization contexts. In particular, we follow ideas of Cvitani c (1997a) and Cuoco and Cvitani c (1998) . We formulate a dual problem, and use its optimal solution to construct an optimal solution to the primal problem.
A Complete Market Model
We put ourselves in the framework of a nancial market M that consists of one riskless is actually a P?martingale, and
is a probability measure equivalent to P. We also introduce the discount process 0 (t) := 1 S 0 (t) = e ? R t 0 r(s)ds ; 0 t T:
The discounted stock prices 0 ( )S 1 ( 
= r(t)X(t)dt + 0 (t) (t)dW 0 (t) ; X(0) = x ;
or, by Ito's rule, in discounted form, Imagine now that, at time t = T, the agent has to deliver a payo described by a contingent claim C, a random variable in L 2 ( ; F(T); P), with In particular, if we have x = C(0) and ( ) C ( ), the Black-Scholes hedging portfolio of the contingent claim C in (2.14), we get X x; (T ) = C, a.s.
In the case A(0) x < C(0) it is no longer possible to have the inequality of (2.15) with probability one. Instead, we are going to study the problem of maximizing the probability of a perfect hedge
P X x; (T ) C]: (2.16) Remark 2.3 The following is an interesting margin requirement, that also turns out to be relatively easy to deal with: X x; (t) C(t) ? kS 0 (t) for all 0 t T (2.17) for some given, xed k > 0. This means that the value of the hedging portfolio ( ) is never allowed to fall below the current price C( ) of the contingent claim (as in (2.14)), by more than the value of k dollars invested (at time zero) in the bank account. The requirement (2.17) is the special case of (2.8), if we set A = C ? kS 0 (T ):
We concentrate now on the stochastic control problem (2.16) . If x C(0), it follows from (2.15) that V (x) = 1. We therefore analyze only the case A(0) x < C(0).
We use a duality approach, familiar from utility maximization literature, and start with the function U(z) = 1 fz 0g and its (random, F(T)?measurable) Legendre (2.20) for some event E 2 F(T).
Denote H 0 (t) := 0 (t)Z 0 (t) ; 0 t T:
We see from (2.19) that, for any initial capital x 2 A(0); C(0)) and any ( ) 2 A(x), > 0 we have 1 fC?X x; (T ) 0g Ũ ( H 0 (T )) ? H 0 (T )(C ? X x; (T )); a:s:
Taking expectations, and recalling (2.11), (2.13) and (2.19) we obtain
where we have denoted Thus, we see that (2.31) holds forX(T ) of (2.30) for some set E 2 F(T), if we show that
Indeed, the di erence between the right-hand sides of (2.33) and (2.32) is equal to
Since for any number 0 y 1^ P ^ H 0 (T )(C ? A) = 1] we can nd a set E 2 F(T) such
i ; the equation (2.31) follows from (2.32) and (2.33).
We now prove (2.33). We know that function F 0 ( ) attains its minimum at^ , so that for any ?^ < " < 0 we have " ?1 (F 0 (^ ) ? F 0 (^ + ") 0, implying
We note that the last term is non-positive, and we obtain (4.22) by omitting it and letting " ! 0. 
(2.34)
Proof: Recall the random variableX(T ) of (2.30) and de ne the P 0 ? martingalê 
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We see that the optimal portfolio^ ( ) of (2.34) coincides with the hedging portfolio for the contingent claimX(T ) of (2.30); in the special case A = 0 and P ^ H 0 (T )(C ? A) = 1] = 0, X(T) is a \knock-out" option with payo C, \knocked out" on the event f^ H 0 (T ) C ?A] > 1g. The knock-out option interpretation of the optimal policy in this context was rst given in Browne (1996) . For x = A(0), the conditions (2.27) and (2.29) are satis ed by^ = 1 and the optimal portfolio^ ( ) of Theorem 2.1 coincides with^ A ( ), the hedging portfolio for the contingent claim A in (2.10).
We state separately the result for the special case when H 0 (T ) C ? A] is a constant. In particular, this holds in the interesting risk-neutral case with 0 ( ) 0, r( ) and C ? A This recovers and generalizes results of Kulldor (1993) , Heath (1993) and Browne (1996) .
A market model with partial information
In this section we study the following variation on the stochastic control problem of Section 2: given a contingent claim C we want to maximize the probability of a perfect hedge P X x; (T ) C] over a class of portfolio processes ( ) which are adapted to the natural ltration generated by the stock prices; in the formulation of the adaptive stochastic control problem studied here we assume that the vector of stock appreciation rates b is not directly observable, so that, as the underlying price process evolves, the investor observes the outcomes and thus obtains information about the true value of b. The case when d = 1, C 1, r( ) 0 and ( ) 1 was studied by Karatzas (1997) . We study a more general case by modifying the duality approach presented in Section 2. We prove the existence of an optimal control process^ ( ) and provide an example in which the value of the problem and the optimal portfolio is found explicitly.
We start with a given probability space ( ; F The following two lemmas are straightforward to prove, and can be found in Karatzas and Zhou (1998) is a (G; P 0 )-martingale.
We can now de ne a new probability measure P by P ] := E 0 Z(T)1 ]; 2 G(T); (3.5) where E 0 is the expectation operator under the measure P 0 : The two probability measures P and P 0 are equivalent on G(T). Lemma 3.2 Under the probability measure P of (3.5), the process W(t) := W 0 (t) ? t; 0 t T It is easy to see that the ltration F of (3.2) is generated by the stock-price vector S( ) := (S 1 ( ); :::; S d ( ); namely F(t) = (S(u); 0 u t): We now de ne a wealth process, a portfolio process, and admissible portfolio processes as in De nition 2.1, but we emphasize here that F is the ltration of the \available information" and that neither the stock drift B nor the Brownian motion W( ) are adapted to it, so that the investor's portfolio choices should be a ected by the information contained in the stock prices only. We de ne contingent claims C and A as in Section 2, with the interpretation of F T -measurability of C as the requirement that the random payo made at T be independent of any information other than the stock prices up to (and including) time T: Lemma 3.3 The price C(t) of a contingent claim C at any time t; 0 t T; is given by (2.14). Furthermore, the \hedging portfolio" C ( ) is admissible; in particular, it is adapted to the ltration F generated by the stock price process S( ).
Proof: This is shown as usual, using the martingale representation theorem and dynamics (2.7) which are still valid, due to (3.7) .
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We now study the stochastic control problem (2.16) in the market with restricted information and we suppose that the investor's initial wealth x satis es A(0) x < C(0): We start by introducing the (F; P 0 )-martingalê Z(t) := E 0 Z(T)jF(t)] = E 0 E 0 Z(T)jG(t)]jF(t)] Taking expectations, and using (3.12) and (2.19), we see that the analogue of (2.23) Note that S(t) = S(0) expf W 0 (t) + (r ? 2 =2)tg so that W 0 (t) is known if S(t) is observed, and the last expression depends only on the model parameters and the observed price of the stock. 4 The case of a concave drift
In this section we generalize the standard model by allowing the drift of the wealth process to be nonlinear. This allows, for example, the model with di erent interest rates for borrowing and for lending, as well as some \large investor" models (see, for example, Cuoco and Cvitani c (1998) ). More precisely, we now assume the following dynamics of the wealth process. dX x; (t) = g(t; (t); X x; (t))dt + 0 (t) (t)dW (t); X x; (0) = x: # ; (4.10) and similarly for A(t) (see EPQ] or Cvitani c, Karatzas and Soner (1998) We are using here the boundedness of the processes ( ), ( ), ( ), ?1 ( ), as well as the de nition of admissibility of ( ). The consequence of the above supermartingale property is for some set E 2 F(T). If the preceding is true, then^ ( ) is optimal, since it attains the upper bound of (4.12).
The idea now is to consider the dual problem V 
We now want to show that the random variable of (4.19) can be replicated starting with initial wealth x and using some admissible portfolio^ ( ). i :
Letting " ! 0 and invoking Assumption 4.2 we see that the last term tends to zero, and we complete the proof of (4.23).
The following theorem is now a consequence of Propositions 4.2 and 4.3, and Remark 4.1. Theorem 4.2 Under Assumption 4.2, and given initial wealth x 2 (A(0); C(0)), there exists an optimal portfolio^ 2 A(x) for the problem (4.7) under the dynamics (4.1). It can be taken as the portfolio that replicates, at time t = T, the valueX(T ) of (4.19) , with E = ;. This can be interpreted as a \large investor" model in which buying the risky asset depresses its expected return, while shorting it increases the expected return (see Cuoco and Cvitani c 
